Abstract. For each odd prime p, let ζ p denote a primitive p-th root of unity. In this paper, we study the determinants of some matrices with cyclotomic unit entries. For instance, we show that when p ≡ 3 (mod 4) and p > 3 the determinant of the matrix
hand, the product 1≤k≤p−1
has deep connections with the class number and fundamental unit of the unique quadratic subfield of Q(ζ p ). Indeed, as a corollary of the analytic class number formula (cf. [2, p.344 Theorem 2] ), when p ≡ 1 (mod 4) we have
where h(p) and ε p > 1 are the class number and the fundamental unit of the field Q( √ p) respectively. And when p ≡ 3 (mod 4) and p > 3 we also have 1≤k≤p−1
where h(−p) denotes the class number of the field Q( √ −p).
Recently Sun [4] investigated the determinants of matrices with Legendre symbol entries. He first studied the matrices
, where (
) denotes the Legendre symbol and △ is a quadratic non-residue modulo p. In this line, later Sun [5] studied the determinants of some matrices concerning the tangent function.
Inspired by the above results, in this paper we mainly focus on the determinant of the matrix with cyclotomic unit entries. Let
We will see later that the determinant det[C p ] has close relations with determinants of the matrices S(p), T (△, p) and S(△, p). Now we are in the position to state our main results of this paper. 
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where ν p (x) denotes the p-adic order of a p-adic integer x. Meanwhile,
and 2
From Theorem 1.1, it is easy to obtain the following result.
Corollary 1.1. Let notations be as in the Theorem 1.1. Then
Then we have the following result.
be a prime. Then we may write
with α p , β p ∈ Q. Meanwhile, we have
2. Proofs of Theorem 1.1-1.2
Throughout this section, we write p = 2m + 1.
For each a ∈ Z with gcd(a, p) = 1, clearly
is a permutation on
We denote this permutation by τ a . Then we have the following result concerning the sign of τ a .
Lemma 2.1.
Proof. By definition our result follows from
Before the statement of our second lemma, we first observe the following fact. When p ≡ 1 (mod 4), we may write p = a 2 + b 2 with a, b ∈ Z and 2 ∤ a. In this case, Q(ζ p ) has a unique quartic subfield Q(δ p ), where
In fact, let
Then g(4) has close connection with the quartic Gauss sum. Readers may see [1] for more details. And we have (cf. [1, (4.6)])
Hence Q(δ p ) is exactly the unique quartic subfield of Q(ζ p ).
Lemma 2.2. Let p be an odd prime and let D p be a matrix of the form
We have the following results.
(i) If p ≡ 3 (mod 4), then we may write
with a, b ∈ Z and 2 ∤ a, then we may write
Proof. Let For each a ∈ Z with gcd(a, p) = 1, the automorphism σ a ∈ Gal(Q(ζ p )/Q) is defined by sending ζ p to ζ a p . Then we have
The last equation follows from Lemma 2.1. Hence by the Galois correspondence we obtain
And when p ≡ 1 (mod 4), we also have
is an algebraic integer. Hence we may write
Z. When p ≡ 1 (mod 4), we first write
we have x p y p = 0. Noting that det[D p ] ∈ Q( √ p), we therefore obtain 
Now we are in the position to prove our main results.
Proof of Theorem 1.1. Let p > 3 be a prime with p ≡ 3 (mod 4). We have (cf. [3, p.71 Proposition 6.3])
for any 1 ≤ j, k ≤ m. Let D p be a matrix of the form (a jk ) 0≤j,k≤m , where
otherwise .
Then we have
where E p is a matrix of the form (e jk ) 0≤j,k≤m with
This shows that
Hence for each 1 ≤ k ≤ m the sum of entries in the k-th column of E p is equal to 0. Thus it is easy to verify the following identity
Using the notations in Lemma 2.2, we obtain the following equations
3)
Sun [4] proved that p ∤ det[S(p)]. This gives that 
